
  

  

Chapter 6 

 

Fracture Analysis of Functionally Graded Materials (FGMs)  

 

 

 

 

 

 

 

 

 
6.1  INTRODUCTION  

  

 

 

6.2 ANALYTICAL SOLUTION FOR NEAR CRACK TIP 

 

Details of anisotropic elasticity, as discussed in Section 4.2.1, are also valid for 

inhomogeneous anisotropic materials. In this section, analytical solutions for near a crack 

tip in functionally graded materials are discussed. 

 

6.2.1 Average material properties 

 

In order to better describe and compare the behaviour of functionally graded materials, 

four independent average material properties, which include stiffness parameter E , 

Poison’s ratio , stiffness ratio 4 , and shear modulus 0 , can be defined. For the plane 

stress state they are defined as: 
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and for a plane strain problem, 

 



244  XFEM Fracture Analysis of Composites 

2

1

32233113

2211

)1)(1(














EE
E    

 
(6.5) 

 

  
  32233113

312321321312

11 









 
(6.6) 

 

)1(

)1(

311322

3223114











E

E

 
(6.7) 

 

 
12

0
2G

E

 
(6.8) 

 

6.2.2 Mode I near tip fields in FGM composites 

 

There is very limited available literature on the analytical solution for fracture analysis in 

FGM composites. They are usually derived in the form of infinite series, which cannot be 

transformed into an appropriate form to derive explicit enrichment functions. Here, the 

solution for mode I cracks, originally derived by Ozturk and Erdogan (1997), is briefly 

reviewed.  

Consider a typical crack within a linear elastic FGM composite, with orthotropic 

material axes 1x and 2x , as depicted in Fig. 6.1. The crack is positioned on the 02 x line 

within the axa  interval. So, the crack is located in a plane perpendicular to the 

direction of property gradient and the principal axes of orthotropy are parallel and 

perpendicular to the crack. 

 

 
Figure 6.1 Definitions for an ideal mode I crack in an FGM material. 

 

The average material properties of Section 6.2.1 are, in general, functions of 1x and 2x . 

Nevertheless, the following simplifications which are in line with usual industrial 

applications are assumed: 

 Variations are assumed to be only in 1x direction. 
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 Variations of the Poisson’s coefficient are neglected. This is confirmed by a 

number of previous studies, such as Delale and Erdogan (1983) and Erdogan 

and Wu (1993), which will be examined by numerical simulations. 

 Variations of 11E , 22E and 12G are assumed to be proportionally increasing. 

As a result, only the elasticity modulus remains a function of 1x and the remaining 

coefficients are assumed to be constant. 

It should be mentioned that the special case of 1,10   represents an isotropic 

material. For a homogenous orthotropic material,  01  , and it can be proved that 

no solution is obtained if 10  . The same conclusions can be made for non-

homogenous materials. 

New coordinates are defined from the scaling factor  , 

 



1x
x   (6.9) 

 

2xy 

 

(6.10) 

 

Similarly, displacement and stress components are scaled: 
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Stress-displacement relations can now be written as, 
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where 
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The equilibrium equations are then transformed to: 
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),( yxE is assumed to be a monotonously increasing function of 1x  as: 
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and the equilibrium equations become 
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A homogeneous differential equation is then obtained if 0 . 

Following the formulation of Ozturk and Erdogan (1997), the solutions are assumed to 

be in the following general forms (due to symmetry, only 02 x  region is considered): 
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where i  are the roots of the characteristic equation 
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or more explicitly, 
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)(3 kB  and )(4 kB  should be determined from the boundary conditions. After lengthy 

calculations, the following set of simultaneous equations is obtained, 
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The final solutions of the displacement field of the crack face 2u  and the stress 

intensity factors IK  at the two crack tips are (Ozturk and Erdogan, 1997), 
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where 0p  is a constant corresponding to the amplitude of the external loading and 
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and nA and  nU  are determined from 

 

     )(1

1
1 rferRrUA

ar

n
nnn





   (6.47) 

 





/,/cos,

sin

)1sin(
)( 11 tsatt

n
tUn 


  (6.48) 

 

where  

 

dt

t

taraMna
rRn 

 


1

1
2

1

1

),()cos(1
)(




 (6.49) 

  

0

1)(
)(

p

xp
rf   (6.50) 

 

)( 1xp is the crack boundary conditions ),)()0,(( 11122 axaxpx  and 
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where 1L  is the Fredholm kernel, 

 

        




0

1 )(sin)(Im)(cos)(Re2),( dkxskkhxskkhsxL  (6.52) 

 

with 

 






















































11

)(4

)(2

11
))((

)(

0
22

0
21

21











kik

ik
i

ikss
i

kh  (6.53) 

 

In real materials, 21 ss   is a real number. For inhomogenous isotropic materials with a 

constant Poisson’s ratio: 
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the following simplified Fredholm kernel is obtained, 
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where )(0 z and )(1 z are the modified Bessel functions (Clarke and Hess, 1978 and 

Watson, 1995),   
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1M can then be further simplified for isotropic materials, 
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Kernel ),( 111 txM depends to non-homogenous parameter 1  and elastic coefficients    

and 0 , but is independent of  and E . 1s and 2s depend only to shear modulus 0 . It 

should also be noted that coefficients nA  depend on inhomogeneity parameter 1 and 

elasticity parameters and 0 , but are independent of  and 0E . Ozturk and Erdogan 

(1997) have discussed that under present assumptions for variations of material properties, 

the stress intensity factors and )0,( 122 x are independent of and 0E . As a result a 90

rotation of material axis, i.e. change of 22E by 11E and 12 by 21 , does not change 

)0,( 122 x and stress intensity factors. This is also true in homogeneous orthotropic 

problems.  
 

6.2.3 Stress and displacement field (similar to homogeneous orthotropic composites) 

 

The asymptotic stress and displacement crack tip fields were derived by Sih et al. (1965) 

(similar to the solution of homogeneous orthotropic materials). Fig. 6.2 defines the global 

coordinate system ),( YX , the local crack tip system ),( yx and the local crack tip polar 

coordinate system ),( r  )( ireiyx  .  

 
Figure 6.2 Global and local crack tip coordinate systems in Cartesian and polar forms for 

an arbitrary orthotropic body. 

 

It should be noted that in FGM materials ijc  are different from one point to another, 

which leads to different values of kp , kq and ks  at different points. For this reason, 

material properties for the auxiliary field (in contour integral) and crack tip enrichment 
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functions are calculated at the crack tip. Consequently, the following replacement is 

adopted in Section 4.3.1 for FGM materials  
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The displacement fields 1u and 2u , in x  and y directions, respectively, are defined as, 
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 tip
ijc are the compliance components defined in (4.8) and

tip
ks are the roots of the 

characteristic equation (4.23), all evaluated at the crack tip position. Also, the asymptotic 

stress components are written as 
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(6.68) 

 

6.3 STRESS INTENSITY FACTOR 

 

6.3.1 J integral 

 

The J integral has been frequently used to compute the stress intensity factors in various 

mixed mode fracture problems. The general form of path independent J integral can be 

written as (2.153), 
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(6.69) 

 

where Γ  is an arbitrary contour surrounding the crack tip, jn  is the jth component of the 

outward unit normal to Γ , ij  is the Kronecker delta and the Cartesian coordinate system 

whose x  axis is parallel to the crack surface is considered. sw is the strain energy 

density, defined in (2.154). 

Using the equivalent domain integral formulation, Eq. (6.69) for inhomogeneous 

materials is transformed into (Kim and Paulino, 2003a), 
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where q  is a smooth function varying from 1q  on the interior boundary of A  to 

0q on the outer one. 

 

6.3.2 Interaction integral 

 

The interaction or M integral is a powerful and accurate approach, based on 

superimposition of auxiliary and actual fields, for evaluation of stress intensity factors. 

Yau et al. (1980) used the M integral to evaluate the stress intensity factors in isotropic 

homogeneous materials. Wang et al. (1980) extended the method to orthotropic 

homogeneous materials. Then, Yau (1979) used the same approach to compute SIFs at the 

interface of two materials.  

The classical form of the interaction integral for computation of mode I  and II stress 

intensity factors are based on the superposition of auxiliary and actual fields, 
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(6.71) 
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where J and auxJ  are the J integrals corresponding to actual and auxiliary fields, 

respectively. auxJ is defined by 
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and lM  is the local interaction integral calculated by 

 

 

 
























A j

jik
aux
ik

aux
ikiki

aux
ij

aux
iij

A

jjik
aux
ik

aux
ikiki

aux
ij

aux
iij

l

qdAuu

dAquuM

,

11,1,

,11,1,

2

1

2

1





 
(6.73) 

 

The energy release rate in elastic media is calculated as 

 

2
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(6.74) 

 

where ijt are defined in (4.83)-(4.85). Using the same methodology discussed in Section 

4.4.3 leads to the following linear algebraic equations to calculate actual mode I  and II

stress intensity factors from the local interaction integral 
lM , 
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(6.75) 

 

  II22I12III 21,0 KtKtKKM auxauxl 
 

(6.76) 

 

6.3.3 FGM auxillary fields 

 

Most of the available research for FGMs are based on the assumption of isotropic FGMs. 

They include XFEM by Dolbow and Gosz (2002), EFG by Rao and Rahman (2003) and 

FEM by Kim and Paulino (2003a, 2003b), among the others. They are either based on 

incompatibility or constant constitutive tensor formulations. According to discussions of 

Dolbow and Gosz (2002) for isotropic FGMs and Kim and Paulino (2003c) for 

orthotropic FGMs, the asymptotic crack tip fields in homogeneous orthotropic media can 

be used as the auxiliary fields for computation of SIFs in orthotropic FGM problems. 

The governing equations for an elasticity problem are equilibrium equations, 

consistency conditions, and the constitutive relations. Unfortunately, if the analytical 

asymptotic fields for orthotropic materials are used for definition of auxiliary fields in 

fracture analysis of FGM composites, one of the main three governing equations may not 

be satisfied.  

Based on which set of equations are ignored in defining the auxiliary fields, three 

different methods have been proposed: Non-equilibrium formulation, incompatibility 

formulation and constant-constitutive-tensor formulation. 

The first method only satisfies the constitutive and compatibility equations 
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where ijklD are the components of the material elasticity tensor, defined in (4.3). In the 

second approach, only equilibrium and the constitutive equations are satisfied, 
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and the constant-constitutive-tensor only satisfies equilibrium and compatibility 
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Table 6.1 briefly compares the three approaches. 

 

 

Table 6.1 Auxiliary fields for evaluation of interaction integral, reproduced from Kim and 

Paulino (2003c). 
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6.3.3.1 Non-equilibrium formulation 

 

In this method, consistency and constitutive laws are satisfied, while equilibrium is 

violated. From the constitutive law, 
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and its differentiation, 
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where the first bracket vanishes. Clearly, it does not satisfy the equilibrium equation 

0, aux
jij . Such a choice for the auxiliary field was adopted by Dolbow and Gosz (2002) 

to solve isotropic FGM problems. 

The resultant M integral is then defined as, 
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where the first term of the second integral ruins the equilibrium duo to inhomogeneity of 

FGM composite material. 

 

6.3.3.2 Incompatible formulation 

 

In this method, equilibrium equations and constitutive laws are satisfied, but the 

compatibility is violated. The resultant M integral is then defined as, 
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Again, the first term of the second integral, which is duo to inhomogeneity of FGM, leads 

to inconsistency of the formulation. 

 

6.3.3.3 Constant-constitutive-tensor 

 

Finally, the third approach satisfies equilibrium and consistency conditions, but the 

constitutive laws are not satisfied. The M integral of this formulation can be written as, 
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(6.84) 

 

It should be mentioned that in this method, derivatives of real stress and strain fields 

should be computed. As a result, less accurate results are expected even though more 

computational efforts are required. On contrary, the first two approaches are faster and 

easier ways of computing the M integral, and both require similar derivatives of material 

modulus. 

While the constant constitutive tensor formulation needs derivatives of stress and strain 

in actual fields which leads to inaccuracies in 0C finite element formulation, the two other 

cases have more or less the same level of accuracy (Kim and Paulino, 2005).  

 

6.3.3.4 Further simplifications 



256  XFEM Fracture Analysis of Composites 

  

The incompatibility formulation, which requires less complicated derivatives, is further 

examined. Beginning with the incompatible formulation (6.83), the following relations 

(Kim and Paulino, 2003c) 
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can be used to simplify lM  
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Evaluation of aux
ijij 1,  can be simplified by the method proposed by Kim and Paulino 

(2004), 
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where ijklC are the components of the compliance tensor, defined in (4.4). Therefore, 
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The term aux
klijklij x  )(1,C  vanishes if 0r , as a result: (Kim and Paulino, 2004) 
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and  
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6.3.4 Isoparametric FGM 

 

Any FGM material properties P , such as modules of elasticity 11E , 22E , shear modules 

12G  and Poisson’s ratio 12  vary at different points of the domain in the form of 

 

),(),( yxyxP 
 

(6.93) 

 

where ),( yx  is a predefined function, usually exponential or linear. Such variable 

properties lead to variation of constitutive tensors in different points of the 

inhomogeneous domain. While in the standard FGM modelling, the material properties 

(6.93) are defined on each Gauss point, in the isoparametric graded finite element method 

(Kim and Paulino, 2002b), material properties are interpolated from nodal values by FEM 

shape functions, 
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where iP  is the nodal value of property P . Derivatives of P can then be defined as, 
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Therefore, derivatives of i jklD  or ijklC in the interaction integral (6.82), (6.83) and (6.84) 

can be computed accordingly. 

Also, the roots of equation (4.22) for evaluation of auxiliary fields should be calculated 

at the crack tip, as described in relation (6.60). Similarly, values of kxs  and kys  in 

enrichment equations (6.104) and (6.105) can also be calculated at the crack tip, but if a 

large area is to be enriched, kxs and kys should then be calculated at enriched nodes and 

interpolated by FEM shape functions (6.94) and (6.95).   

 

6.4. CRACK PROPAGATION IN FGM COMPOSITES 

 

In homogeneous isotropic materials, various crack propagation criteria are available in the 

literature such as the maximum hoop stress (Erdogan and Sih, 1963), the maximum strain 

energy release rate (Hussain et al., 1974) and the minimum strain energy density (Sih, 

1974). Also, various homogeneous orthotropic mixed mode crack propagation criteria are 

available such as the maximum circumferential stress by Saouma et al. (1987), the 

minimum strain energy density (Ye and Ayari, 1994) and the maximum circumferential 

strain criteria (Ayari and Ye, 1995). Unfortunately, little literature is available for crack 

propagation in inhomogeneous media. Most of the studies in this context have assumed 

equivalent homogeneous isotropic or orthotropic criteria. In fact, the material behaviour 

has been idealised as a homogeneous orthotropic continuum to simplify the process of 

crack modelling. For details see Section 4.4.4. 

 

6.5   INHOMOGENEOUS XFEM 
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The general methodology of orthotropic extended finite element method (Section 4.5) can 

be extended to inhomogeneous problems. The crack tip enrichment functions are 

extracted from the analytical solutions (6.61) and (6.62). 

 

6.5.1  Governing equation 

 

Consider an FGM body subjected to body and traction forces, b
f and tf , respectively, as 

depicted in Fig. 6.2. The strong form of the equilibrium equation in terms of the stress 

tensor σ can be written as: 
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with the following boundary conditions: 

 

t
t on Γfnσ  : external traction (6.97) 

 

uon Γuu  : prescribed displacement (6.98) 

 

con 0 Γnσ : traction free crack (6.99) 

 

where  tΓ , uΓ and  cΓ are traction, displacement and crack boundaries, respectively.  

The variational formulation of the boundary value problem can be defined as: 
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6.5.2  XFEM approximation 

 

In the extended finite element method, the effects of crack surfaces and crack tips are 

utilised by the approximation (3.28) to calculate the displacement for a point x located 

within the domain (for details see sections 3.4.3): 
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where ju is the displacement vector at node j ,
l
kb  are the added DOFs for tip 

enrichments lF , ha  are the added DOFs for the crack discontinuity approximation by the 

Heaviside function H , and ic and jd are added DOFs which correspond to hierarchical 

nodes in the sets mst  and msh , respectively. iN are the standard finite element shape 

functions and iN are the hierarchical shape functions for the transition domain. 

 

6.5.2.1  Orthotropic crack tip enrichment functions 

 

General orthotropic crack tip enrichment functions (4.112) in the local crack tip polar 

coordinate system ),( r  are defined as, 
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where functions )(kg and k , in their general form for all orthotropic composites, are 

defined as: 
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where kxs and kys have been defined in Section 4.3.1.  

A number of previous studies, such as Dolbow and Gosz (2002), have used the standard 

(isotropic homogenous) crack tip enrichments to analyse FGMs, 
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6.5.2.2  Transition domain 

 

The term )(xu
tra

has been added to the original XFEM approximation (4.103) to 

overcome the incompatibility between the enriched and non-enriched domains by 

introduction of a transition (blending) zone. Two types of hierarchical nodes exist: 

hierarchical nodes that correspond to edges connecting non-enriched and tip enriched 

nodes (defined by mst ), and those edges that connect tip and Heaviside enriched nodes 

(defined by mth ). Tarancon et al. (2009) have discussed the definition of hierarchical 

shape functions iN , as proposed by Szabo and Babuska (1991). For example, for nodes 

1t  and 2t  in Fig. 6.3, the hierarchical shape functions in terms of the isoparametric 

coordinates  ,  are defined as 
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Figure 6.3 Added hierarchical nodes in the blending elements (Tarancon et al., 2009). 

 

6.5.3  XFEM discretisation 

 

Discretisation of Eq. (6.96) using the XFEM approximation (6.101) results in a discrete 

system of linear equilibrium equations: 

 

fKu h  (6.109) 

 

where hu is the vector of degrees of nodal freedom (for both classical and enriched ones),  
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The global stiffness matrix K is assembled from the stiffness of each element e
ijK with 

components 
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where
uB i ,

aB i and
bB i are derivatives of shape functions defined in Eqs. (3.49)-(3.55), and

cBi and
dB i  are defined as,  
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f  is the nodal force vector, 

 

 Tdcbau ffffff iiiii
e
i

  (6.114) 

 

where 
ufi , 

a
fi and b

fi are defined in (4.109)-(4-111) and the new components are:  
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