Chapter 6

Fracture Analysis of Functionally Graded Materials (FGMs)

6.1 INTRODUCTION

6.2 ANALYTICAL SOLUTION FOR NEAR CRACK TIP

Details of anisotropic elasticity, as discussed in Section 4.2.1, are also valid for
inhomogeneous anisotropic materials. In this section, analytical solutions for near a crack
tip in functionally graded materials are discussed.

6.2.1 Average material properties
In order to better describe and compare the behaviour of functionally graded materials,
four independent average material properties, which include stiffness parameter E ,

Poison’s ratio v , stiffness ratio ot , and shear modulus x;, can be defined. For the plane
stress state they are defined as:

E = JE1:Esy (6.1)
V:‘\'VlZVZl (62)

E V.
sh=1_Ne 6.3
By v ©3
Ko = E v 6.4
0= - .
2G,, (6.4)

and for a plane strain problem,
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6.2.2 Mode | near tip fields in FGM composites

There is very limited available literature on the analytical solution for fracture analysis in
FGM composites. They are usually derived in the form of infinite series, which cannot be
transformed into an appropriate form to derive explicit enrichment functions. Here, the
solution for mode | cracks, originally derived by Ozturk and Erdogan (1997), is briefly
reviewed.

Consider a typical crack within a linear elastic FGM composite, with orthotropic
material axes X and X, , as depicted in Fig. 6.1. The crack is positioned on the x, =0 line
within the—a < X <a interval. So, the crack is located in a plane perpendicular to the
direction of property gradient and the principal axes of orthotropy are parallel and
perpendicular to the crack.

- Orthotropic FGM Specimen

72 x, () "

-
1 7 E®)

Figure 6.1 Definitions for an ideal mode I crack in an FGM material.

The average material properties of Section 6.2.1 are, in general, functions of X, and x, .
Nevertheless, the following simplifications which are in line with usual industrial
applications are assumed:

e Variations are assumed to be only in x, direction.



Functionally Graded Materials 245

e  Variations of the Poisson’s coefficient are neglected. This is confirmed by a
number of previous studies, such as Delale and Erdogan (1983) and Erdogan
and Wu (1993), which will be examined by numerical simulations.

e Variations of E;;, E,, and G, , are assumed to be proportionally increasing.

As a result, only the elasticity modulus remains a function of x; and the remaining
coefficients are assumed to be constant.

It should be mentioned that the special case of &y =1, §=1represents an isotropic
material. For a homogenous orthotropic material, —1< & <co, and it can be proved that
no solution is obtained if x;<-1. The same conclusions can be made for non-
homogenous materials.

New coordinates are defined from the scaling factor 9,

x= L
- ©6.9)
y=0%, (6.10)

Similarly, displacement and stress components are scaled:

Uy (X Y) =Wy (g, X VS (6.10)
uy(x,y)= % (6.12)
O (X Y) =S 010, 0) 6.13)
Oy (X, Y) = 6022(%, %) (6.14)
Oxy (X, Y) = 012(%, %2) (6.15)

Stress-displacement relations can now be written as,

_ o
TuX¥)= Ii(_x g)(auxa(;(,y)” uy;: y)J (6.16)
_ .
oy (Xy)= Ii(_x‘,/)z/)[ Uya(;( y) +V8ux(;))((, y)j (6.17)
_ E(xy) [ou(xy) auy(xy)
o) _2(K0+v)( y o J (6.18)

where
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E(xy)= E(x1,%2)

The equilibrium equations are then transformed to:

82 oE au 1 6E
o ﬁ1 ot B [ +v_y]+?a

o2 axay E oxl ox oy
o%u o%u E au
L+ f—+ ﬂ A E My, |, LR My g
ox oy axay E oy ay x ) Eoxl oy ox
with
2(xo +v
131:(1_0—‘/2)v B =1+vp

E(x,Y) is assumed to be a monotonously increasing function of X, as:
E(X;, %) = E(%) = Ege™* = E(x) = Ege”

with
y= alx/g

and the equilibrium equations become

o%u,  , %, . %, ou,  ouy
+ + + =0
2 Th—— /5 0 By o 5
du o%uy au
>+ A ﬂza o [8ux +—yJ:0
ox oy? axay oy oX

A homogeneous differential equation is then obtained if y =0

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

Following the formulation of Ozturk and Erdogan (1997), the solutions are assumed to
be in the following general forms (due to symmetry, only x, >0 region is considered):

U (X, y)——j b, (KB, (ke g

_0013

.[ ZB (k)e Ajy— |kx

—o0 j=3

uy(x,y)_ O<y<ow

(6.27)

(6.28)



Functionally Graded Materials 247

© 4
O (X, Y) = E(X) S jZ(vl —ib. k) B.e™1Y Kk (6.29)
—oo] =3
© 4 )
o= 28 LT 3 (s, e ek (6.30)
By
o 4
Oy (X, Y) = E()_ 1 [ (40, —ikJBje™’ ™k, 0<y<w (6.31)

Z(KO +V) 272' 0 j=3
where 4; are the roots of the characteristic equation
=(v7? +2(k? +ipk)xg) 2 + (K? +iK)? =0 (6.32)

or more explicitly,

1
M=l = {% (a)z + 2K077)+%\/(a)2 + 2/(077)2 - 4772 }2 (6.33)

1
Ay ==y = {%(a)z + 21(077)—%\/ (a)2 + 21(077)2 - 4772 }2 (6.34)

with
o® =vi?, n=k*+ik (6.35)
and

bj () = (I,BZk 7ﬁ1‘/)

e Ai (6.36)

B;(k) and B, (k) should be determined from the boundary conditions. After lengthy
calculations, the following set of simultaneous equations is obtained,

4
> (4, ~ik)B; =0 (637)

j=3

(-ik)(B +B,) = | e'ds (6.38)

-a

a duy(s,0%)
s

where
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a

a= = (6.39)

The final solutions of the displacement field of the crack face u, and the stress
intensity factors K, at the two crack tips are (Ozturk and Erdogan, 1997),

Up(%,0%) _ -2 {iiUnl(f)} (6.40)
(25 n=1 n

K}.((a) __pma i A, (6.41)
0 n=1

K|é—a) L i )" A, (6.42)
0 n=1

where p, is a constant corresponding to the amplitude of the external loading and
Ko = pov/a (6.43)
r=x/a (6.44)

wp = (51 +52)oa
Eo

Kl:,h(g—l, S =Ko th , Sp=4Ko— K (6.46)

and A,and U, are determined from

(6.45)

S AU+ Ryl e 1) 6.47)
n=1
i 16
Un(t):% ,t=cosf@=t/a, s:t1/\/§ (6.48)
where
1 tacos(ng) M, (ra,ta)
R,(r)=— dt
- Jl o (6.49)
f(r) _ p(%) (6.50)
Po

p(x) is the crack boundary conditions (o5,(%,0%) = p(x),—a < % < a) and
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1(Xl't1) \/— 1(\/— \/— 2\/— Ll( S) (651)

where L is the Fredholm kernel,

L (x,5) = [ 2{Re(h(k))cos(k(s — x))— Im(h(k))sin(k(s — x) jdk 652
0
with
i (&1 +8p)(K+iy) —1} Ko #1
M+,
. (6.53)
|2k ] -1
\/7 +4(K2 +isk)

In real materials, s; +5S, is a real number. For inhomogenous isotropic materials with a
constant Poisson’s ratio:

By
E22

§Y=" =1 ky=1,a=a,x=%,8=1,5,=1 (6.54)

the following simplified Fredholm Kkernel is obtained,

Ly(x,5) = ;eé{vo gKl(v0|§|)+ KO(V0|§|)}—S% (6.55)

X

where Kg(z)and K;(z) are the modified Bessel functions (Clarke and Hess, 1978 and
Watson, 1995),

K, (2)=[ e cosh(at)dt ,a =12 (6.56)
and
£=7(s-x) ="t —x) (6.57)

V1+v  planestress
Vo = (6.58)

1 .
—— planestrain
1-v
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M; can then be further simplified for isotropic materials,

£
|v|1(x1,t1)=”‘1;a {vo%Kl(vo|§|)+Ko(Vo|§|)}—t L (6.59)

17X

Kernel M;(x,t;) depends to non-homogenous parameter ¢; and elastic coefficients v
and x , but is independent of § and E . s, and s, depend only to shear modulus g . It
should also be noted that coefficients A, depend on inhomogeneity parameter «; and
elasticity parametersv and x;, , but are independent of§ and E,. Ozturk and Erdogan
(1997) have discussed that under present assumptions for variations of material properties,
the stress intensity factors and o,(x,0) are independent of dand E, . As a result a 90°
rotation of material axis, i.e. change of E,, by E;;and vy,byv,,, does not change
0,5,(%,0) and stress intensity factors. This is also true in homogeneous orthotropic
problems.

6.2.3 Stress and displacement field (similar to homogeneous orthotropic composites)

The asymptotic stress and displacement crack tip fields were derived by Sih et al. (1965)
(similar to the solution of homogeneous orthotropic materials). Fig. 6.2 defines the global
coordinate system (X,Y) , the local crack tip system (X, Y) and the local crack tip polar
coordinate system (r,0) (x+iy =re'?).

Figure 6.2 Global and local crack tip coordinate systems in Cartesian and polar forms for
an arbitrary orthotropic body.

It should be noted that in FGM materials cjj are different from one point to another,
which leads to different values of p,, qyands, at different points. For this reason,
material properties for the auxiliary field (in contour integral) and crack tip enrichment
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functions are calculated at the crack tip. Consequently, the following replacement is
adopted in Section 4.3.1 for FGM materials

Xk —U{Ep + Xk =Cijs Py, G Sk (6.60)

The displacement fieldsu; and u, , in X and y directions, respectively, are defined as,

2r 1 t t
Uy = KI],? Re{w[ si®p 'pgz(ﬁ)—szlppfpgl(g)]}

1

5 1 w“ o (6.61)

K..\/; Re{@[% 92(0) - p} gl(e)]}

U= K.\/Z;T Re{ﬁ[ S1P5Pg, (6) - sé‘”q{'pgl(e)]}+

R (6.62)

K..\/iT Re{sgp—fsgp[q;"’gz(e)—q{i”gl(e)]}

where

9;(6) = ycos(6) +s!Psin(6) (i=12) (6.63)
P =af (") +af —ags” (k=12) (6.64)
a4 = C“”S“')+C?2: f (k=12 (6.65)

(:,tj'p are the compliance components defined in (4.8) and s“pare the roots of the
characteristic equation (4.23), all evaluated at the crack tip position. Also, the asymptotic
stress components are written as

(S"p) (st™")?

o KI Re tlpstlp t
B | s s;'p 92(9) gl(m
} (6.66)

92(9) 91(9)

KII {

Ki

Oy = Re
22 = Ty {

(6.67)

tip S
Py 92(9) gl(e)}

Kll R
T2 e{ 92(9) gl(e)
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o= Kt p stipgtip { 11 }Jr
2 o siP-syP[ G(6)  92(6)
tip tip (6.68)
Ki gl 1 | 8% 8
N 2nr S{'p—Stzlp 9:1(60) 9,(9)

6.3 STRESS INTENSITY FACTOR

6.3.1 J integral

The J integral has been frequently used to compute the stress intensity factors in various
mixed mode fracture problems. The general form of path independent J integral can be
written as (2.153),

J =JF(Ws5lj - 0jj %ul']”jdf (6.69)
where [ is an arbitrary contour surrounding the crack tip, n; is the jt" component of the
outward unit normal to", &;; is the Kronecker delta and the Cartesian coordinate system
whose X axis is parallel to the crack surface is considered. wjis the strain energy
density, defined in (2.154).

Using the equivalent domain integral formulation, Eq. (6.69) for inhomogeneous
materials is transformed into (Kim and Paulino, 2003a),

J = J‘(O'ijuivl _Wsé‘lj )q’JdA‘F J.(O'ijuivl _Wsélj ),J qu (670)
A A

where g is a smooth function varying from =1 on the interior boundary of A to
q =0 on the outer one.

6.3.2 Interaction integral

The interaction or M integral is a powerful and accurate approach, based on
superimposition of auxiliary and actual fields, for evaluation of stress intensity factors.
Yau et al. (1980) used the M integral to evaluate the stress intensity factors in isotropic
homogeneous materials. Wang et al. (1980) extended the method to orthotropic
homogeneous materials. Then, Yau (1979) used the same approach to compute SIFs at the
interface of two materials.

The classical form of the interaction integral for computation of mode | and Il stress
intensity factors are based on the superposition of auxiliary and actual fields,

R I L V L (6.71)
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where J and J® are the J integrals corresponding to actual and auxiliary fields,
respectively. J @ is defined by

Jaux_ J‘( auwq aux _ auxé‘ljhjdAJrI(aﬁu fo_wguxglj)jqu

A (6.72)
and M' is the local interaction integral calculated by
Mm! J.{O'” ,afx-t-a,] i1~ ( e+l glk)§1j}q'jdA+
(6.73)
j{au LA 4 20y, ( e e s, } qdA
A i
The energy release rate in elastic media is calculated as
G =J =t ;K2 +1,K, K,y +1Kf (6.74)

where t;; are defined in (4.83)-(4.85). Using the same methodology discussed in Section
4.4.3 leads to the following linear algebraic equations to calculate actual mode 1 and Il
stress intensity factors from the local interaction integral m',

M (KA =1, KE™ =0)=2t; K, +1,K,, 6.75)
M (KA =0, KA =1)=ty,K, +2t,K,, (6.76)

6.3.3 FGM auxillary fields

Most of the available research for FGMs are based on the assumption of isotropic FGMs.
They include XFEM by Dolbow and Gosz (2002), EFG by Rao and Rahman (2003) and
FEM by Kim and Paulino (2003a, 2003b), among the others. They are either based on
incompatibility or constant constitutive tensor formulations. According to discussions of
Dolbow and Gosz (2002) for isotropic FGMs and Kim and Paulino (2003c) for
orthotropic FGMs, the asymptotic crack tip fields in homogeneous orthotropic media can
be used as the auxiliary fields for computation of SIFs in orthotropic FGM problems.

The governing equations for an elasticity problem are equilibrium equations,
consistency conditions, and the constitutive relations. Unfortunately, if the analytical
asymptotic fields for orthotropic materials are used for definition of auxiliary fields in
fracture analysis of FGM composites, one of the main three governing equations may not
be satisfied.

Based on which set of equations are ignored in defining the auxiliary fields, three
different methods have been proposed: Non-equilibrium formulation, incompatibility
formulation and constant-constitutive-tensor formulation.

The first method only satisfies the constitutive and compatibility equations
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oi =Dia (e e =2t ru) iy <0 6.77)

where D are the components of the material elasticity tensor, defined in (4.3). In the
second approach, only equilibrium and the constitutive equations are satisfied,

o =D el i = St ruitt) o =0 .79

and the constant-constitutive-tensor only satisfies equilibrium and compatibility

G2 £ D g (X) 2 ,eﬁ“x=%(uf?x+u?fi‘x) G20 (6.79)

Table 6.1 briefly compares the three approaches.

Table 6.1 Auxiliary fields for evaluation of interaction integral, reproduced from Kim and
Paulino (2003c).

Auxilliary __ Formulat_lon _
fields Non-equilibrium Incompatible Constant Dll]'kpl
aux aux aux
displacement u u u
second aux _ 1 aux aux aux aux _ 1 ( aux aux)
_ &ij ——(“i,j Uy ) Gij gij =5 Uij TUjj
variable 2 2
third aux _ aux aux _ -1 aux aux _  tip aux
) oij  =Diju(¥ey & =Dijjia (o oij  =Djnéx
variable
violated o2 20 28U % 2 upv s uay variable D jy(x)
equation 2" '

6.3.3.1 Non-equilibrium formulation

In this method, consistency and constitutive laws are satisfied, while equilibrium is
violated. From the constitutive law,

o =D (e (6.80)
and its differentiation,

O-i{]'l,ujx = Dijkl,j(x)glillux+ Dijkl(x)gﬁlllfjx

= [D itfflgkall,ﬂ'x]Jf b ik 0025+ [(D () —D itjil?l)gl?ll,]}( ] ©.50
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where the first bracket vanishes. Clearly, it does not satisfy the equilibrium equation
of}ujx;e 0. Such a choice for the auxiliary field was adopted by Dolbow and Gosz (2002)
to solve isotropic FGM problems.

The resultant M integral is then defined as,

MI {O-” |a:tlx+alj _O'ikgﬁ(uxélj}q'jdA+

|

‘ (6.82)
J.{O_IJJ Ui 1~ Dijicusi] }qu

A

where the first term of the second integral ruins the equilibrium duo to inhomogeneity of
FGM composite material.

6.3.3.2 Incompatible formulation

In this method, equilibrium equations and constitutive laws are satisfied, but the
compatibility is violated. The resultant M integral is then defined as,

v J.{Ju IaJl.JX-'_O-IJ 1_O-ikgﬁ<uxé‘lj} q,jdA+

6.83
I{Uij (Uia,lfjx‘Eiﬁx)_Dijkl,lgklgﬁux} qdA (6.83)
A

Again, the first term of the second integral, which is duo to inhomogeneity of FGM, leads
to inconsistency of the formulation.

6.3.3.3 Constant-constitutive-tensor

Finally, the third approach satisfies equilibrium and consistency conditions, but the
constitutive laws are not satisfied. The M integral of this formulation can be written as,

M! —j{a., afxﬂjﬁux“i,l——( KEik O glk)glj} q,jdA+
(6.84)
j {O-Ijgﬁlix_ IJlEIJ +UI?UX ljl_oﬁax‘gij}qu

It should be mentioned that in this method, derivatives of real stress and strain fields
should be computed. As a result, less accurate results are expected even though more
computational efforts are required. On contrary, the first two approaches are faster and
easier ways of computing the M integral, and both require similar derivatives of material
modulus.

While the constant constitutive tensor formulation needs derivatives of stress and strain
in actual fields which leads to inaccuracies in C° finite element formulation, the two other
cases have more or less the same level of accuracy (Kim and Paulino, 2005).

6.3.3.4 Further simplifications
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The incompatibility formulation, which requires less complicated derivatives, is further
examined. Beginning with the incompatible formulation (6.83), the following relations
(Kim and Paulino, 2003c)

o "Ui1j = ol eija (6.85)
oijEl =0k &ij (6.86)
Dijkl,l‘gi?uxgkl = Dijkl,lgijgl?lux (6.87)

can be used to simplify M'

M = HG” U+ o8 — oy £5 | g j0A

(6.88)
I{Gaux uft} - fuﬂx -D ijkl,lgklgi?ux} qdA

Evaluation of aijgﬁﬂx can be simplified by the method proposed by Kim and Paulino
(2004),

aux aux
Cijgijl = Oij [Cijkl(x)akl L

= Tij {Cljkl 1(X)Uaux + Cijkl(X)O'aux}

= Gjj |Jk|1(X)O'k| +U|1(C|Jk|(x) .Jk|)0'ka|ulx+0'|jqjk|0'k|l (6.89)
lip
ul

aux aux
= Oijj |Jk|1(X)O-kI +O—Ij(cljk|(x) Ijkl)o.k|1+o-ljullj

where Gy, are the components of the compliance tensor, defined in (4.4). Therefore,
O'ij(uﬁfjx gﬁgx) UijCijkI,l(X)O'l?lux_o-lj( Giju(X) -G )Uﬁulx (6.90)
The term 6;,Cijq1(X)og™ vanishes if r— 0, as a result: (Kim and Paulino, 2004)
{oylustr- 53u1x)}Ho 0GR oy (6.91)
and

m! J{a.,uﬁf*+a.i%.l oS5 | o j0A+

6.92
jé"u( Cij(X) =G IJkI)lelx |Jk|,15klgi?ux}qu (6.92)
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6.3.4 Isoparametric FGM

Any FGM material properties P, such as modules of elasticity E; 4, E,,, shear modules
Gy, and Poisson’s ratio vy, vary at different points of the domain in the form of

P(x,y) =o(x,y) (6.93)

where ¢(X,Yy) is a predefined function, usually exponential or linear. Such variable
properties lead to variation of constitutive tensors in different points of the
inhomogeneous domain. While in the standard FGM modelling, the material properties
(6.93) are defined on each Gauss point, in the isoparametric graded finite element method
(Kim and Paulino, 2002b), material properties are interpolated from nodal values by FEM
shape functions,

P(X,y) = 2N (X, Y)P (6.94)
i=1

where P, is the nodal value of property P . Derivatives of P can then be defined as,
Ne _ .
P(x, y)=§N,j(x, YR, j=12 (6.95)
=

Therefore, derivatives of D ijk Of CijkI in the interaction integral (6.82), (6.83) and (6.84)
can be computed accordingly.

Also, the roots of equation (4.22) for evaluation of auxiliary fields should be calculated
at the crack tip, as described in relation (6.60). Similarly, values of s, and s, in
enrichment equations (6.104) and (6.105) can also be calculated at the crack tip, but if a
large area is to be enriched, s,, and s, should then be calculated at enriched nodes and
interpolated by FEM shape functions (6.94) and (6.95).

6.4. CRACK PROPAGATION IN FGM COMPOSITES

6.5

In homogeneous isotropic materials, various crack propagation criteria are available in the
literature such as the maximum hoop stress (Erdogan and Sih, 1963), the maximum strain
energy release rate (Hussain et al., 1974) and the minimum strain energy density (Sih,
1974). Also, various homogeneous orthotropic mixed mode crack propagation criteria are
available such as the maximum circumferential stress by Saouma et al. (1987), the
minimum strain energy density (Ye and Ayari, 1994) and the maximum circumferential
strain criteria (Ayari and Ye, 1995). Unfortunately, little literature is available for crack
propagation in inhomogeneous media. Most of the studies in this context have assumed
equivalent homogeneous isotropic or orthotropic criteria. In fact, the material behaviour
has been idealised as a homogeneous orthotropic continuum to simplify the process of
crack modelling. For details see Section 4.4.4.

INHOMOGENEOUS XFEM
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The general methodology of orthotropic extended finite element method (Section 4.5) can
be extended to inhomogeneous problems. The crack tip enrichment functions are
extracted from the analytical solutions (6.61) and (6.62).

6.5.1 Governing equation
Consider an FGM body subjected to body and traction forces, f° and !, respectively, as
depicted in Fig. 6.2. The strong form of the equilibrium equation in terms of the stress

tensor ¢ can be written as:

Ve+fP=0 inQ (6.96)

with the following boundary conditions:

o-n=f" onT,:external traction (6.97)
u=u on I', : prescribed displacement (6.98)
6-n=0  on[:traction free crack (6.99)

where I, I',and I are traction, displacement and crack boundaries, respectively.
The variational formulation of the boundary value problem can be defined as:

b t
[jo-d d=] f"-dudQ+[ f'-cudr (6.100)
6.5.2 XFEM approximation

In the extended finite element method, the effects of crack surfaces and crack tips are
utilised by the approximation (3.28) to calculate the displacement for a point x located
within the domain (for details see sections 3.4.3):

u"(x) =u" () +ut (x) +u'P(x) + u3(x) (6.101)

or more explicitly

mh
u"(x) = {ZN (x)u} LleMx)(H(x)—H(xh))ah}

{% k(x) Z[H(X) R (x)]o; ﬂ (6.102)

{ N (X)Co +n§hN (X H (), }
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where U is the displacement vector at node j ,bL are the added DOFs for tip
enrichments F, a;, are the added DOFs for the crack discontinuity approximation by the
Heaviside function H , andc; anddj are added DOFs which correspond to hierarchical
nodes in the sets mst andmsh, respectively. N; are the standard finite element shape
functions and N; are the hierarchical shape functions for the transition domain.

6.5.2.1 Orthotropic crack tip enrichment functions

General orthotropic crack tip enrichment functions (4.112) in the local crack tip polar
coordinate system (r,d) are defined as,

{Frol, = {\/_cos—‘/? \/_cos—,/g2 rsin —‘/F
,\/Fsin 9—5,/92(6)}

(6.103)

where functions g, (6) and 6, , in their general form for all orthotropic composites, are

defined as:
9 (0) = \/(cos 0+ Sy Sin 6)° + (s 5in 6)? (6.104)
p . Sky Sin 6
=arctan | —mm@@@
: COS 6 + 8, Sin (6.105)

where sy, and sy, have been defined in Section 4.3.1.
A number of previous studies, such as Dolbow and Gosz (2002), have used the standard
(isotropic homogenous) crack tip enrichments to analyse FGMs,

{R(r, 9)}I = {\/_cos \/_sm Arsin Hcos—\/_sm 0'sin g} (6.106)

6.5.2.2 Transition domain

The termu'™(x) has been added to the original XFEM approximation (4.103) to
overcome the incompatibility between the enriched and non-enriched domains by
introduction of a transition (blending) zone. Two types of hierarchical nodes exist:
hierarchical nodes that correspond to edges connecting non-enriched and tip enriched
nodes (defined by mst), and those edges that connect tip and Heaviside enriched nodes
(defined by mth). Tarancon et al. (2009) have discussed the definition of hierarchical
shape functions N; , as proposed by Szabo and Babuska (1991). For example, for nodes
t, andt, in Fig. 6.3, the hierarchical shape functions in terms of the isoparametric
coordinates ¢ , 7 are defined as
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- 1 \/5 17
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Figure 6.3 Added hierarchical nodes in the blending elements (Tarancon et al., 2009).
6.5.3 XFEM discretisation

Discretisation of Eq. (6.96) using the XFEM approximation (6.101) results in a discrete
system of linear equilibrium equations:

Ku" =f (6.109)
where u" is the vector of degrees of nodal freedom (for both classical and enriched ones),
u"={u a b, c dff (6.110)

The global stiffness matrix K is assembled from the stiffness of each element Kiej with
components K’

K =, (B))'DBjdQ (r.s=u,a,b,c,d) (6.111)

where B{', B{ and Bib are derivatives of shape functions defined in Egs. (3.49)-(3.55), and
Bf and B! are defined as,

(6.112)

Z| Zl
<

>
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N,H %y (6.113)

f is the nodal force vector,
T
O R N LR R (6.114)
where £, f2and £« are defined in (4.109)-(4-111) and the new components are:

fe :jﬂ Nif'dr+ N;fPdQ (6.115)

£ :jrt NiHF d 7+ [ N;Hf®dQ (6.116)



